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Abstract
In this paper, the equation of GWs was obtained by a new method in terms of scale factor and
Hubble parameter. Also the power spectrum from these waves are compared .The method used
to solve the GW equations is different from the ones [3, 8, 11]. In this way the equations describe
the evolution directly from the beginning of the universe up to the present time in terms of scale
factor.
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1 Introduction
Gravitational waves are produced by masses moving through space - time in a special way, in other words
GW are result of perturbation in space - time that this perturbation can be due to moving an accelerate mass
object. When an accelerate object moves in space - time, would make disorderliness and this perturbation on
linear order would produce GW, which Einstein predicated this in 1916 [1]. In recent years, study of the GW
is a topic interesting the theoretical physics, for example GW due to the early universe or the compact binary
system [2, 3, 4]. the first direct detections of GW from the merging of black hole and neutron stars (B −N)
recently measured by the LIGO/VIRGO [5, 6, 7].
In this work, we calculate the gravitational wave spectrum in a different way from the one used so far [3,
8, 11], for different Hubble parameter modes. This method has the advantage over previous methods used up
to now, that the spectrum of gravitational waves can be obtained directly from the beginning of the universe
until the present time in terms of scale factor, unlike previous methods that would have to obtain the power
spectrum at different era(radiation, matter-radiation and matter) and then patch them together.
This work is organized as follows: In section 2, we obtain the equation of gravitational waves based on a
new method and in terms of the scale factor. In section 3 we investigate the spectrum of gravitational waves
for different Hubble parameter states. Conclusions are given in section 4.
2 Wave equation in unperturbed FRW background metric
In the beginning of this section we introduce the time evolution of perturbations obtained by the linearization
Einstein equation. Consider a perturbed Friedman–Robertson–Walker (FRW) space-time metric whose line
element can be written in the form [3, 8]
ds2 = gµνdx
µdxν = (g¯µν + hµν) dx
µdxν = a2
{−dτ2 + [δij + hij(t, x)] dxidxj} (1)
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where τ is conformal time, g¯µν = diag{−a2, a2, a2, a2} is the unperturbed FRW background and hµν is the
perturbation satisfying the conditions: |hµν | << 1, h00 = h0i = 0, and also it is symmetric (hij=hji), traceless
(hii = 0) and transverse (h
j
i,j = 0).
It has been shown that [3, 8, 11], the linearization of Einstein equations for spectrum of perturbations takes
the form
h
′′
k + 2
(
a
′
a
)
h
′
k + k
2hk = 16piGa
2Πk, (2)
where hk,Πk are the Fourier transform of perturbations and perfect fluid anisotropic tensor respectively. We
need to the latter equation for the next purpose.
According to Einstein’s equations are too complicated, in below we derive Eq.(2) by Lagrangian formalism
which also is our approach in the work. The gravitational action for the tensor perturbations is given by [8]
S =
∫
dτdx
√−g¯
(
R +
1
2
Πijhij
)
=
∫
dτdx
√−g¯
(
¯−gµν
64piG
∂µhij∂νhij +
1
2
Πijhij
)
, (3)
where R is the Ricci scalar, Πij is the anisotropic stress of the energy-momentum tensor and g¯
1 is the
determinant of g¯µν . For an isotropic and perfect fluid, that is hij = hji = h and Πij = Πji = 0, the latter
equation become
S =
∫
dτdx
√−g¯
(
¯−gµν
64piG
∂µh∂νh
)
=
∫
dτdx
√−g¯L, (4)
therefore lagrangian is given by
L =
¯−gµν
64piG
∂µh∂νh, (5)
using the lagrangian scenario 2 [12] and Eq.(5), we have
∂µ
(√−g¯ ∂L
∂(∂µh)
)
= 0, (7)
with some algebraic calculations, one may will find
∂µ
(
a4g¯µν∂νh
)
= 0, (8)
by applying derivatives and using the Fourier transform h(τ, k) this equation reduce to Eq.(2)
h
′′
(τ, k) + 2
(
a
′
a
)
h
′
(τ, k) + k2h(τ, k) = 0 (9)
we know a = a(τ) and dτ = dt
a
then with a bit math computations 3 Eq.(9) reduced to
a4H2haa(a, k) +
(
4a3H2 +
a4
2
dH2
da
)
ha(a, k) + k
2h(a, k) = 0 (10)
where ha(a, k) =
dh(a,k)
da
, haa(a, k) =
d2h(a,k)
da2
and H is Hubble parameter. Before solving this equation for
different modes of H , we must turn it into a dimensionless equation, for this purpose, we need to define the
standard quantities and write dimensionless quantities based on them . These standard quantities are 4
L0 = 100Mpc = 1m (11)
t0 = 13.787Gyr = 1s
k0 = 0.05Mpc
−1 =
5
L0
= 5m−1
H0 = 100hs
−1kmMpc−1 = 1.001s−1
1Since we hold the first order of hij and also hii = 0, then
√
−g =
√
−g¯ .
2
∂L
∂hij
− ∂µ
(
∂L
∂(∂µhij)
)
= 0, (6)
3e.g. h
′
(τ, k) = dh(τ,k)
dτ
= dh(a,k)
da
da
dτ
= a
′ dh(a,k)
da
= a2Hha(a, k),
h
′′
(τ, k) = d
2h(τ,k)
dτ2
= 2a3H2ha(a, k) +
a4
2
dH2
da
ha(a, k) + a
4H2haa(a, k)
4Of course in this paper the speed of light is c = 1.
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Figure 1: The power spectrum Ωh(k) with respect to k
for R-D state.
where k0 is the pivot scale and H0 is the present Hubble parameter, the dimensionless quantities are k and H
where k → k
k0
and H → H
H0
using these quantities one may rewrite the Eq.(10) as follows
a4H2haa(a, k) +
(
4a3H2 +
a4
2
dH2
da
)
ha(a, k) + k
2
(
5
1.001
)2
h(a, k) = 0 (12)
3 GW power spectrum for different Hubble parameter states
In this section we solve Eq.(12) for different Hubble parameter states, knowing that generally the Hubble
parameter is equal to
H2(a) = H20
(
Ωra
−4 +Ωma
−3 + Ωka
−2 +ΩΛ
)
, (13)
where Ωr = 9.4× 10−5 ≃ 10−4, Ωm = 0.3, |Ωk| ≤ 0.01 and ΩΛ = 0.7 are radiation, matter, curvature and dark
energy density parameters respectively. In this section we consider three cases, the universe of the radiation
dominant (R-D), the matter dominant (M-D) and the matter - dark energy dominant (M, Λ−D).
Case I, R-D
In this case H2(a) = H20
(
Ωra
−4
)
and Eq.(12) becomes
(
1
10000
)haa(a, k) + (
1
5000 a
)ha(a, k) + (
5
1.001
)2k2h(a, k) = 0, (14)
solving this equation requires choosing the appropriate initial conditions, in other words the initial con-
ditions selected must be such that the results obtained match the up-to-date data. In this paper we want to
investigate the GW power spectrum therefor, imposed initial conditions must give positive and non-zero power
spectrum. According to the given explanations, the appropriate initial condition for solve of this equation are
[11]
h
(
10−5, k
)
= 1 (15)
ha
(
10−5, k
)
= 0
Fortunately, this equation has the exact answer, but it has not been brought here for long, here we are only
concerned with the relation of the power spectrum and figure of it. The power spectrum relationship is [11]
Ωh(k) =
∆2h,prim
12a2(τ0)H2(τ0)
(
T
′
(τ0, k)
)2
=
∆2h,prima
2(τ0)
12
[Ta(k)]
2
, (16)
where Ta(a, k) =
dT (a,k)
da
= T
′
(τ,k)
a2H
and Ta(k) =
dT (a,k)
da
|a(τ0), in Fig.1 we have plotted Ωh(k) in terms of k.
Case II, M-D.
In this case H2(a) = H20
(
Ωma
−3
)
and Eq.(12) becomes
0.3ahaa(a, k) + 0.75ha(a, k) + (
5
1.001
)2k2h(a, k) = 0, (17)
3
fortunately, this equation has the analytical solution as the previous equation, of course with the same initial
conditions. Because of the long answer to the equation, and because we are interested in the physical results
of it, namely the power spectrum, so we have plotted the power spectrum (see Eq.16) for this case in Fig.(2).
Case III, M, Λ −D.
In this case H2(a) = H20
(
Ωma
−3 +ΩΛ
)
and Eq.(12) becomes
(
0.3a+ 0.68a4
)
haa(a, k) +
(
0.75 + 2.72a3
)
ha(a, k) + k(
k0
H0
)2h(a, k) = 0, (18)
since this equation has no exact answer, one should proceed to solve numerically. The process of solving this
equation with considering the same initial conditions of Eq.(14) is as follows : At first, we solve the differential
equation of the two-variable function numerically. Second, extract sufficient points from the hyper surface
caused by the real answer the solved differential equation and draw the obtained surface from these points, in
order to numerical and derivative calculations. Third, calculate of the partial derivative 5h(a, k) with respect to
a, using the points and the interval between them and draw the obtained hyper surface from a, k and ∆h(a,k)∆a ,
and because we are going to obtain the power spectrum at present, then we choose a curve at (a(τ0) = a0 = 1)
from the above manifold. Finally, fitting a function on the selected curve and draw of them together in a graph.
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Figure 2: The power spectrum Ωh(k) with respect to k
for M-D state
Ωh(k) =
∆2h,prima
2(τ0)
12
[Ta(k)]
2, (19)
we have plotted Ωh(k) (see Eq.16) as a function of k in Fig.(3). The reason for the difference between Fig.(3)
with Fig.(2) can not be just due to considering the model with and without dark energy but a part of it due to
the fit function on the curve obtained from the hyper surface of a, k and ∆h(a,k)∆a . With all these explanations,
this method has the advantage than previous methods [3, 8, 11], because you do not need to solve the equation
for different era (radiation, radiation-matter and matter dominate) and then patch them together, but you can
directly solve the equation from the beginning of the world up to the present time, in other words from ainitial
until atoday = a(τ0).
In Fig.(4) we compare the power spectrum of two states without and with dark energy.
4 Conclusions
In this paper, the equation of GWs was obtained by a new method in terms of scale factor and Hubble
parameter, the power spectrum are investigated and compared for the different cases. It was found that the
obtained power spectrum in the matter dominate universe is very close to what has done so far [3, 8, 11].
The method used to find the GWs equation is much simpler than the process of solving Einstein equation.
According to the equation obtained for GWs is in terms of scale factor, ones can obtained the power spectrum
directly from the beginning of the propagation of these waves up to the present, but in the previous method
[3, 8, 11], we have to obtained the power spectrum for epoch era (radiation, radiation-matter and matter
dominant) separately and then patch them together, which this will require some error in computation.
5 Because the power spectrum is a function of derivative h(a, k) with respect to a, therefore we have obtained directly
dh(a,k)
da
at a certain point (e.g at a(τ0) = a0 = 1) instead of h(a, k).
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Figure 3: The power spectrum Ωh(k) with respect to k
for M, Λ−D state
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Figure 4: Comparison of the power spectrum of two states without (orange) and with (blend) dark
energy
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